Both vertical and horizontal adsorption configurations of a diatomic molecule were modeled as the rigid rotor with which the spatial motion was confined by a finite conical well. In addition to the polar hindering potential, a sinusoidal azimuthal modulation, which bears the local symmetry of the adsorption site, was incorporated. Eigenfunctions for different models were expressed analytically in terms of the hypergeometric functions, and eigenvalues were solved numerically. We found that the rotational energy levels exhibit oscillatory behavior when plotted as functions of the hindrance angle. This particular phenomenon was interpreted as the occurrence of resonance transmission of the rotor wave function at certain hindrance condition. We also found that the rotational levels were grouped into bands when the azimuthal modulation strength was increased. The solutions were used to calculate the rotational-state distribution of desorbed molecules, and agreement with the previous experiment was obtained. ͓S0163-1829͑96͒07139-1͔
I. INTRODUCTION
The hindered-rotation problem is an important topic in the study of the following topics: the internal rotation of a molecule which can be modeled as a frame with attached tops; [1] [2] [3] [4] [5] the overall rotation of a molecule which is bounded inside a crystal; [6] [7] [8] and the overall rotation of a molecule which is adsorbed on a solid surface. [9] [10] [11] [12] [13] [14] [15] [16] [17] [18] [19] [20] [21] [22] [23] Examples of the first case can be found in the organic molecules, e.g., in methyl alcohol. When a molecule is bounded inside a crystal or adsorbed on a solid surface, owing to the moleculemolecule or molecule-surface interaction, the rotational motion of the molecule is usually frustrated, and thus is definitely different from that of a free rotor. Hence a thorough study of the states and energies of the hindered rotation is crucial to an understanding of the spectra of molecules and molecular crystals, and the dynamics of adsorption and desorption.
The first evidence for the hindered rotation of an adsorbed molecule was the observation of orthopara separation factors of the adsorbed hydrogen and deuterium. 9, 13, 24, 25 Sandler 9 first showed that orthohydrogen can be adsorbed more strongly than parahydrogen when it is physically adsorbed on TiO 2 and activated charcoal. Subsequently, it was also demonstrated that paradeuterium as well as orthohydrogen can be adsorbed more strongly on alumina. 13, 24, 25 Sandler suggested that the mechanism of the preferential adsorption might be caused by the hindered rotation of adsorbed molecules. Preferential adsorption on selective surfaces made it possible to prepare pure orthohydrogen and paradeuterium. [24] [25] [26] Recently, the rotational motion of a molecule which interacts with a solid surface has attracted increasing interest.
Many experimental studies such as surface neutron scattering, 13 surface infrared spectroscopy, 21 electronenergy-loss spectroscopy, 27, 28 electron-and photonstimulated desorption, 19, 22, 29, 30 thermal desorption, [31] [32] [33] and gas-surface inelastic scattering [34] [35] [36] [37] [38] provided fruitful information about the rotational states of adsorption systems. For example, the measured rotational-state distributions of molecules scattered or desorbed from surfaces were found to exhibit a temperature-independent non-Boltzmann feature, which can be attributed to hindered rotations of adsorbed molecules. [14] [15] [16] 22, 23 On the other hand, for theoretical studies, many simplified models for surface potentials were proposed to simulate the hindered rotational motion, 10, 14, 17, 19, 23 and a deeper theoretical understanding was acquired. Among those studies, Gadzuk and co-workers suggested an infinite-conical-well model, [14] [15] [16] [17] in which the rotor is only allowed to rotate within the well region. Rotational-state energy spectra for both vertical and horizontal adsorption configurations were obtained. Together with a sudden unhindrance approximation, they interpreted the non-Boltzmann properties of the rotational-state distributions of molecules desorbed from surfaces. However, the infinite-conical-well model potential is, by construction, more suitable for strong molecule-surface interaction cases because it precludes completely the probability of a rotor appearing outside the cone. Therefore, in the weaker interaction cases a finite conical well which allows the rotor to rotate with polar angle lying outside the well is preferable. Furthermore, it is difficult to deduce the molecule-surface interaction strength from the experimental data when comparing them with the theoretical results obtained from solving a hard-wall hindering potential. In our previous work, 23 we presented a finite-conical-well model to study the rotational-state energy spectra of a vertically adsorbed diatomic molecule. It was found that the rotational energy levels of the soft-wall-hindered rotor exhibit oscillatory behavior when plotted as functions of the hindrance angle. By using the analogy of the Kronig-Penney model, we showed this particular behavior, which does not appear in the hard-wall case, is clearly the manifestation of the rotational invariance of the present model. In this paper, we extend our previous study to the horizontal configuration. In addition, we include, to both vertical and horizontal configurations, the periodic azimuthal modulation from which the effect of the local symmetry of the adsorption site can be incorporated. Landman et al. 17 studied similar effects by using a periodic square-well potential in their infinite-conical-well model. In order to imitate more closely the real situation around the adsorbed molecule, we adopted potentials with sinusoidal oscillation from which analytical solutions can be obtained. The potential models and mathematical method we developed in our works can be generalized straightforwardly to investigate the internal rotational states in molecules and the rotational spectra of molecules in crystalline solids.
II. MODELS AND SOLUTIONS
The Schrödinger equation for the hindered molecular rotation in spherical coordinates can be expressed as
where E rot and V hin are the rotational energy and the hindering potential energy. For convenience, the energies are expressed in the unit of the molecular rotational constant Bϭប 2 /2I, where I is the molecular moment of inertia with respect to its center of rotation. ⌿ , rot is the angular wave function of the hindered molecule. The subscripts and represent the quantum numbers arising from the dependence of the hindering potential upon and .
In accordance with the objective of modeling the problem by solvable potentials, we express V hin (,) in the following specific form to ensure separation of variables:
͑2͒
Hence the angular wave function can be written as a product of two factors:
where ⌽ and ⌰ , satisfy the following equations:
where ϭcos. In deriving Eq. ͑3c͒, the rotational energy has been expressed in terms of the rotational quantum number :
which makes an obvious connection with the limit of free rotation. In Eq. ͑3b͒, W() is the periodic azimuthal modulation arising from the local symmetry of the adsorption site. One can imitate more closely to the real situation around the adsorbed molecule by assuming W() in a sinusoidal oscillation form: 1, 6, 19 
͑5͒
where N is an integer characterizing the azimuthal periodicity of the site, and W 0 is the height of the modulation barrier. Thus Eq. ͑3b͒ becomes
where
Equation ͑6a͒ is just the Mathieu's equation. 41 From the Floquet-Bloch theorem and the requirement of single value of wave function, one can express ⌽ () in terms of the Fourier series as
where m and s are integers. Inserting ͑7a͒ into ͑6a͒, one can obtain the following recursion relation for determining the Fourier coefficients:
and then derive a continued fraction relation
If mϭ0, ⌽ () can bear definite parity, then the coefficient C 0 has to vanish for the odd-parity states. Thus Eq. ͑7c͒ is only suitable for the even-parity states and has to be modified as
for the odd states. The eigenvalue 2 of Eq. ͑6a͒ for given m and W 0 can be determined numerically by solving Eqs. ͑7c͒ and ͑7d͒. Figure 1 illustrates the hindering potentials used to model the constraint upon the rotational motion of an adsorbed diatomic molecule either in the vertical or horizontal configuration. The rotors are confined within a conical domain bounded at certain polar angles. However, unlike the previous studies, [14] [15] [16] [17] we used soft potential walls, i.e., finite heights in the barrier regions, to study the adsorption behaviors at the weaker molecule-surface interaction range. General form for the polar hindering potential V() corresponding to both the vertical and horizontal configurations is
where V I , V II , and V III represent the barrier heights for region I (0рϽ␣), region II (␣рр␤), and region III (␤Ͻр), respectively. For the vertical adsorption configuration, 22, 42, 43 the molecular axis is preferred to be perpendicular to the surface, therefore one can assume that V() is minimum about ϭ0; thus V I ϭ0 and V II Ͼ0. If the adsorbed molecule rotates about its center of mass, there are two cases to be considered. The first case is that V() has only one minimum at ϭ0, thus V II ϭV III Ͼ0 ͓see Fig. 1͑a͔͒ . This geometry can also simulate an adsorbed diatomic molecule, in which one end might be clamped to a surface via a chemical bond, rotating about its attached atom. The second case is that V() has two minima at ϭ0 and ϭ, thus V II ϾV III Ͼ0. If the adsorbed molecule is homonuclear, then V() is symmetrical with respect to the ϭ/2 plane, thus V I ϭV III ϭ0 and ␤ϭϪ␣ ͓see Fig. 1͑b͔͒ .
On the other hand, in the horizontal configuration, 44 ,45 the molecular axis is preferred to parallel the surface; therefore one can assume that V() is minimum about ϭ/2, thus V II ϭ0, V I Ͼ0, and V III Ͼ0. If the adsorbed molecule is homonuclear, one can further simplify the model by imposing V I ϭV III and ␤ϭϪ␣ ͓see Fig. 1͑c͔͒ . In short, the horizontal configuration is suitable to describe practically most of the physisorbed diatomic molecules.
Since in our models V() in each region is independent of , we can define a parameter Ј as
which is independent of in each region, then Eq. ͑3c͒ in each region is just the associated Legendre equation 40, 41 with degree Ј and order :
where ϭcos. Usually, the solutions of the above equation are expressed in terms of P Ј and Q Ј , the associated Legendre functions of the first kind and second kinds. However, the numerical treatments of those functions near their singularities, i.e., ϭϮ1, are rather unstable. A more convenient alternate is to express the solutions of the above equation in terms of the hypergeometric functions around their singular points ϭ1 and Ϫ1. 23 Now expressing ⌰ , () as
and substituting it into Eq. ͑10͒, one obtains the standard form of the hypergeometric equation 40, 41 for W:
where ϭ(1Ϫ)/2, and
Therefore, the linearly independent solutions of Eq. ͑10͒ in the neighborhood of the singular points ϭϮ1 can be expressed as
where F(a,b;c;z) is the hypergeometric function. One can easily note that, for unspecified Ј and , P (Ϯ1) converges at ϭϮ1 but diverges at ϭϯ1, while Q (Ϯ1) diverges at ϭϮ1. Thus the solution for Eq. ͑10͒ in three different potential regions can be written as
Schematics of the finite-conical-well hindering potential for ͑a͒ vertical adsorption configuration with potential parameters V I ϭ0; and V II ϭV III Ͼ0; ͑b͒ vertical adsorption configuration with potential parameters V I ϭV III ϭ0, V II Ͼ0, and ␤ϭϪ␣; and ͑c͒ horizontal adsorption configuration with potential parameters V II ϭ0, V I ϭV III Ͼ0, and ␤ϭϪ␣. O presents the center of rotation, and I is the molecular moment of inertia with respect to its center of rotation.
where I Ј , II Ј , and III Ј are defined as
In order to determine , one has to match the boundary conditions at 1 ϭcos␣ and 2 ϭcos␤, which yield
for nontrivial solutions, where
and V III , one can determine by solving Eq. ͑15͒ numerically, and thus obtain the rotational energies from Eq. ͑4͒.
In the absence of azimuthal modulation, the parameter cϭ1ϩ͉͉ϭ1ϩ͉m͉ can only have integer values because of the requirement of single value of the azimuthal wave function. Equations ͑14a͒ and ͑15͒ are still valid if Q (ϩ1) (Ј,m,) is replaced by
where (a) is the digamma function.
Some special cases can be considered in the following: for the vertical configuration with V I ϭ0 and V II ϭV III , i.e., there is only one conical well, the entire polar space is divided into two regions. The wave functions are
and the eigenvalues can be obtained from solving the following equation:
As V II →ϱ, Eqs. ͑17a͒ and ͑17b͒ can be reduced to
0, Ϫ1рϽcos␣ ͑18a͒
and
On the other hand, for the horizontal configuration, that is with V II ϭ0, but both V I and V III →ϱ, the wave functions can be expressed as
and the eigenvalues can be obtained by solving
One can note that Eqs. ͑18a͒, ͑18b͒, ͑19a͒, and ͑19b͒ are exactly the same as the results obtained in Refs. 14 and 17.
For the special case that no restrictive conical well exists, i.e., V()ϭ0, the wave function is
which diverges at ϭϪ1 (ϭ) unless ͉͉ϪϭϪn, where n is a non-negative integer. This renders the hypergeometric function representing P (ϩ1) (,,) terminates at finite terms. Thus for given , the eigenvalues are
By making use of the transformation formulas of the hypergeometric functions, 41 the total angular part wave functions can be written as
Furthermore, if the azimuthal modulation potential is absent, ϭm is also an integer. Therefore, for a given m, the eigenvalues ϭl are integers which are equal or greater than ͉m͉:
lϭ͉m͉ϩn, nϭ0,1,2, . . . , ͑22a͒
and the corresponding wave functions can be written as
This is exactly the familiar result of a free-space rotor.
III. RESULTS AND DISCUSSION

A. Hindered rotational energy levels
For the vertical adsorption configuration, we set V I ϭ0 and V II Ͼ0 in Eq. ͑8͒. For the simplest case V II ϭV III , as shown in Fig. 1͑a͒ , if the azimuthal modulation is absent, the wave functions are given by Eq. ͑17a͒ with ϭmϭinteger. The eigenvalues can be obtained from solving Eq. ͑17b͒ numerically. The results were discussed in our previous paper. 23 Now let us consider another hindering potential case, i.e., V III ϭ0 and ␤ϭϪ␣ for the vertical configuration. In this case, V() is just a double potential well in the polar angle space as shown in Fig. 1͑b͒ . The low-lying rotational energy levels for such hindering potential without azimuthal modulation are presented in Fig. 2 as functions of cone opening angle ␣ for three different potential barrier heights, namely, V II ϭ5, 20, and 80. From Fig. 2 , one can find that when ␣ is decreased from /2 to zero the level energy corresponding to the lth free rotor level increases from E rot ϭl(lϩ1)B to E rot ϭl(lϩ1)BϩV II B. The rotational levels above the barrier also exhibit oscillatory behavior as results of the single conical well. From Fig. 2 , one can note that for a given potential barrier height V II , the rotational levels with the same value of n(ϵlϪ͉m͉) exhibit the same behavior as ␣ changes, and the levels with the same n but larger ͉m͉ are always higher than those with smaller ͉m͉. This is a common feature for both the vertical and horizontal rotors, as we will see below. Therefore, the rotational energy levels can be classified into several families according to the values of n, and it is convenient to denote the calculated rotational energy levels by the pair of numbers, (n,m). Figure 2 shows that the number of oscillations ͑i.e., the number of dE rot /d␣Ϸ0 in the region 0Ͻ␣Ͻ/2) of the levels, belonging to the nth family in the region of 0Ͻ␣Ͻ/2, is equal to ͓n/2͔, where ͓x͔ denotes the largest integer рx. Figure 2 also shows that lower-energy levels of the hindered rotor for a given value of ͉m͉ are nearly degenerate in pairs for larger potential barrier heights and medium open angles. This degeneracy is the general feature of a symmetric double well structure. 46, 47 One can note that the higher the barrier height is, the more obvious the degeneracy of levels is.
For the horizontal adsorption configuration, the polar hindering potential is chosen as V II ϭ0, V I ϭV III , and FIG. 2. Low-lying rotational energy levels ͑in units of Bϭប 2 /2I) of a vertically hindered rotor ͓see Fig. 1͑b͔͒ as functions of the hindrance angle ␣ ͑in degrees͒ with ␤ϭ180°Ϫ␣ for potential barrier heights V I ϭV III ϭ0 and ͑a͒ V II ϭ5, ͑b͒ V II ϭ20, and ͑c͒ V II ϭ80. ␤ϭϪ␣ in Eq. ͑8͒, as shown in Fig. 1͑c͒ . One can note from Figs. 1͑b͒ and 1͑c͒ that this case is just the geometry complement of the symmetric vertical conical well. The calculated low-lying rotational energy levels for such a hindering potential without azimuthal modulation are shown in Fig.  3 as functions of the hindrance angle ␣ for three different potential-barrier heights, namely, V I ϭ5, 20, and 80. As in the case of vertical configuration, the rotational energies of the horizontal rotor increase as the spatial localization is increased. When ␣ changes from zero to /2, the energy increases from E rot ϭl(lϩ1)B to E rot ϭl(lϩ1)BϩV I B. For the smaller barrier height, e.g., V I ϭ5, the energy levels can be categorized into different groups in accordance with the quantum numbers l of the free rotor. But for larger barrier heights, e.g., V I ϭ20, the levels start to intersect with each others. If the barrier height is sufficiently large, e.g., V I ϭ80, the rotational levels become to group into different families as ␣ approaches /2. However, in the case of finite potential barriers the leakage of the rotor wave function outside the well is possible. Therefore, when the conical well region is very small, i.e., ␣ is close to /2, the molecule does not behave like a two-dimensional plan rotor; instead, it behaves like a three-dimensional rotor again. From Fig. 3 , one can note that as in the cases of vertically hindered rotors, the energy levels of the soft-wall horizontal rotor also exhibit oscillatory behavior when the level energies are plotted as functions of hindrance angle. The number of oscillation of the levels belonging to the nth family in the region of 0Ͻ␣Ͻ/2 is equal to ͓n/2͔.
The oscillatory behavior of E rot can be ascribed to the phenomenon of the resonance transmission. 23 If the hindering potential is absent, the solution is the associated Legendre function P l m The number of nodes of the solution in the region 0ϽϽ is nϭlϪ͉m͉. When the hindering potential is present, the wave function is distorted by the potential wall; however, the number of nodes does not change. When the well reduces to the situation that the potential wall is located on the node position of the wave function, the resonance transmission occurs. Therefore, the amplitude of the rotor wave function inside the well reaches a minimum, and E rot is not sensitive to the reduction of the well, i.e., dE rot /d␣Ϸ0. As the conical well reduces further, the node position of the wave function does not locate on the potential wall, and the resonance transmission disappears until the next coincidence of potential wall and node position of wave function occurs. Therefore, the number of oscillations of the rotational level is related to the number of nodes of the solution. For the single vertical conical-well potential ͓Fig. 1͑a͔͒, the numbers of oscillation of the rotational levels as ␣ changes from zero to are n. On the other hand, for the symmetric conical-well potential ͓Figs. 1͑b͒ and 1͑c͔͒, the numbers of oscillation of the rotational levels as ␣ changes from zero to /2 are ͓n/2͔.
B. Azimuthal modulation effect
The effect of increasing W 0 upon azimuthal quantum numbers 2 for different values of m can be obtained by solving Eqs. ͑7c͒ and ͑7d͒. The results are presented in Fig. 4 for Nϭ4 and 6. One can note the progressive splitting for m at Brillouin-zone edge values ͑i.e., ͉m͉ϭ2,4,6, . . . , for Nϭ4 or ͉m͉ϭ3,6,9, . . . , for Nϭ6) and greater banding of 2 as the height of the azimuthal barrier W 0 is increased.
FIG. 3. Low-lying rotational energy levels ͑in units of Bϭប
2 /2I) of a horizontally hindered rotor ͓see Fig. 1͑c͔͒ as functions of the hindrance angle ␣ ͑in degrees͒ with ␤ϭ180°Ϫ␣ for potential barrier heights V II ϭ0 and ͑a͒ V I ϭV III ϭ5, ͑b͒ V I ϭV III ϭ20, and ͑c͒ V I ϭV III ϭ80. One can expect that, as W 0 increases, the states approach harmonic-oscillator-like states, and as seen in Fig. 4 , the levels of 2 tend toward equal spacing. To investigate the effect of azimuthal modulation upon rotational levels, the low-lying energy levels of a modulated vertical rotor ͓see Fig. 1͑a͒ for V I ϭ0, and V II ϭV III ϭ20͔ and a modulated symmetric horizontal rotor ͓see Fig. 1͑c͒ for V II ϭ0, V I ϭV III ϭ20, and ␤ϭϪ␣͔ for fourfold azimuthal symmetry ͓Nϭ4 in Eq. ͑5͔͒ for different modulation barrier heights, namely, W 0 ϭ5, 10, and 20 as functions of hindrance angle ␣ are presented in Figs. 5 and 6, respectively. Figures 5 and 2͑b͒ Fig. 4 is reflected in the rotational energies displayed in Figs. 5 and 6. This banding is reflected within each of rotational state families. In Figs. 5 and 6, the splittings of (0,Ϯ2) and (1,Ϯ2) states are indicated. The band gaps due to the periodic azimuthal modulation increase as the modulation barrier is increased. The convergence of states into bands upon increasing modulation strength is clearly seen. That is, when the barrier height increases, the gaps becomes wider and the band becomes narrower.
C. Rotational-state distributions
Now consider the desorption problem. If the desorption is induced by a fast process, such as electron or photon bombardment or rapid heating, one can assume that the hindering potential is suddenly switched off, and that hindered-to-free rotational transition takes place without altering the wave function. In such sudden unhindrance approximation, [14] [15] [16] FIG. 5. Low-lying rotational energy levels ͑in units of Bϭប 2 /2I) of a vertically hindered rotor ͓see Fig. 1͑a͒ for V I ϭ0, and V II ϭV III ϭ20͔ as functions of the hindrance angle ␣ ͑in degrees͒ for azimuthal modulation potential barrier heights ͑a͒ W 0 ϭ5, ͑b͒ W 0 ϭ10, and ͑c͒ W 0 ϭ20. The azimuthal modulation is sinusoidal with fourfold symmetry (Nϭ4). The (n,m) designation is shown with m being the azimuthal quantum number in the limit of vanishing modulation ͓see Fig. 2͑b͒ of Ref. 23͔. The band gaps due to the periodic azimuthal modulation are indicated for the nϭ0 and nϭ1 families and mϭϮ2.
FIG. 6. Low-lying rotational energy levels ͑in units of Bϭប
2 /2I) of a horizontally hindered rotor ͓see Fig. 1͑c͒ for V II ϭ0, V I ϭV III ϭ20, and ␤ϭ180°Ϫ␣͔ as functions of the hindrance angle ␣ ͑in degrees͒ for azimuthal modulation potential barrier heights ͑a͒ W 0 ϭ5, ͑b͒ W 0 ϭ10, and ͑c͒ W 0 ϭ20. The azimuthal modulation is sinusoidal with fourfold symmetry (Nϭ4). The (n,m) designation is shown with m being the azimuthal quantum number in the limit of vanishing modulation ͓see Fig. 3͑b͔͒ . The band gaps due to the periodic azimuthal modulation are indicated for the nϭ0 and nϭ1 families and mϭϮ2.
the population of free-rotational states when molecules are quickly desorbed from the surface can be calculated.
The free-rotational states are described by a set of spheri- 
͑23͒
where T is the surface temperature, k is the Boltzmann constant, and Z hin is the partition function of the hindered rotor. In Eq. ͑23͒, we have assumed the center of mass of the molecule to be always at rest, i.e., no center of mass translational energy, and consider only the purely hindered-tofree rotational transition. The calculated final rotational-state distributions based on Eq. ͑23͒ with B/kTϭ1 for various potential barrier heights are shown in Figs. 7 and 8. Figure 7 presents the result for the vertically hindered rotor ͓see Fig. 1͑a͔͒ while Fig. 8 is for the horizontally hindered rotor ͓see Fig. 1͑c͔͒ . For convenience, in our calculation, we have neglected the modulation potential, i.e., setting W()ϭ0. As the conventional treatment, we plot the curves of ln͓P(L)/(2Lϩ1)͔ vs L(Lϩ1). It is known that for a Boltzmann distribution a straight line with slope ϭϪB/kT should be obtained. However, from Figs. 7 and 8, one can note that the rotational-state distributions are significantly influenced by the hindering potential and a non-Boltzmann feature is obtained.
In Figs. 7 and 8 , the calculated final-state distributions exhibit two different behaviors. For the low-L region a nearly linear behavior is seen in which an effective rotational temperature T r can be determined by equating the slope to ϪB/kT r . One can note that, the greater the potential strength, the higher the effective rotational temperature T r can be obtained. Furthermore, the effective temperatures T r for all of hindrance conditions are higher than the surface temperature T. This rotational heating effect [14] [15] [16] has been found in the electron-stimulated desorption experiment, 22 and can be realized by the fact that, at low enough temperature, the final free-rotational-state distribution is due to the conversion of initial-state zero-point energy, not thermal excitation. A higher potential-barrier height yields greater initial-state zero-point energy; therefore, a higher effective rotational temperature T r can be obtained. This also explains the fact that the probability of an unhindered rotor appearing in the high-L region for a greater hindering potential strength is greater than that for smaller hindering potential strength. This is due to the fact that, at low enough temperature, the hindered rotor is primarily located at low-lying states. Thus the population of the final high-L states depends mainly on their overlaps with the low-lying states. When we gradually increase the strength of the hindering potential, energies of the low-lying states start to increase, and the overlaps of the low-lying states with the high-L states become more prominent.
For the high-L region, the curves in Figs. 7 and 8 display qualitatively different behavior from that of the curves in the low-L region. At some critical L value, the state distribution drops precipitously from the linear form, then rises to form a plateau. Such alternate drops and plateaus make the state distribution an oscillatory structure. The oscillations show a periodicity in L as 180°/␣ for the vertical rotor and 180°/(90°Ϫ␣) for the symmetric horizontal rotor. This oscillatory structure can be understood as follows: For the high-L region, the rotational Franck-Condon factors between the final state Y L,M and the hindered-rotational state ⌿ v, rot oscillate as L increases. When the Franck-Condon factors are summed over different M , , and weighted by the appropriate Boltzmann factors, they form precipitous drops and plateaus. The plateau structure was observed in a gas-surface scattering experiment, and was interpreted in terms of rotational rainbows. 48 This implies an intimate connection between the rotational rainbows and the molecule-surface interaction.
In Fig. 8 , the calculated rotational-state distributions for the horizontally hindered rotor show that in addition to the oscillatory structures there are zigzags along the curves. These zigzags occur because the horizontally hindering potential is chosen to be symmetrical with respect to the ϭ/2 plane, and thus the hindered rotational state ⌿ v, rot bears the definite parity. The dominant ground state is even. Therefore, the Franck-Condon factors between the odd-L free-rotational state and the ground hindered state should vanish. One can find that the zigzag is minimum at odd L and maximum at even L. One can expect that the zigzag structure will disappear when the surface temperature is very high. This is because at high temperature the ground state is no longer dominant.
To investigate the oscillation of Franck-Condon factor, one can recall the analogy between the hindered-rotor problem and the Kronig-Penney model problem. 23 The Cartesiancoordinate counterpart of the free rotor states Y L,M are the following free-particle states which satisfy periodic boundary condition ⌿(xϩ2)ϭ⌿(x):
for even states and
for odd states. These wave functions have been normalized in the region of Ϫрxр. For the infinite well case, i.e., V II →ϱ. Our vertical conical well ͓see Fig. 1͑a͒ for V II →ϱ͔ corresponds to an infinite square well with width of 2␣. The hindered particle states of such infinite square well are
for odd states. Therefore, for a hindered-to-free transition the probability is
for even-to-even transition or
for odd-to-odd transition. One can easily find that the transition probability oscillates as N varies. The probability has drops at Nϭs/2␣, sϭ1,3,5, . . . for even-to-even transition or sϭ2,4,6, . . . for odd-to-odd transition ͓except Nϭn/2␣, where ⌿ N free (x) and ⌿ n hin (x) specify the same states in the well region͔. Therefore the spacing between two neighbor drops is just ⌬Nϭ/␣. Examining the free-particle states ⌿ N free with Nϭs/2␣, one can find ⌿ N free states are just the states which are orthogonal with ⌿ n hin . For the finite vertical conical well, its Cartesian counterpart is just a set of periodic square wells. The hindered particle states are now the zone-center Bloch states. A similar treatment will deduce an oscillatory hindered-to-free transition probability. The spacing between two neighbor drops of the probability is also ⌬Nϭ/␣. On the other hand, a similar treatment of the Cartesian counterpart of a horizontal conical well potential will deduce an oscillatory hindered-tofree transition probability with periodicity ⌬Nϭ/(/2 Ϫ␣).
From the above simple comparison between the hindered rotor problem and its Cartesian-coordinate counterpart, one can conclude that the oscillation of the Franck-Condon factors is a general result of a system transiting from hindered states to free states. The drops of the Franck-Condon factors occur when the final free states are orthogonal ͑or nearly orthogonal͒ with the initial hindered states. The periodicity of the oscillation is related to the geometry structure of the hindering potential. The oscillation of the Franck-Condon factor reflects the rotational invariance of the hindered rotor problem.
One can determine the parameters of the model potential function by fitting the calculated rotational-state distribution to the measured distribution. Figure 9 shows the measured distributions for CN * desorbed form the Li and Cs surfaces, 22 and the calculated results of Ref. 22 and us by least-squares fitting. In the calculation of Ref. 22 , the hindering potential was modeled as a complicated form with three parameters. In our calculation, the potential was modeled as a vertical conical well as shown in Fig. 1͑a͒ . For the softwall conical well, the cone opening angle ␣ and the potential barrier height V II were set as parameters, while for the hardwall conical well, only ␣ was a parameter. In the fitting calculations, the model potential was assumed to be independent and only the ground initial state was considered due to the low substrate temperature.
The fitted parameters of both soft-and hard-wall conical wells are presented in Table I . As shown in Table I , surface hindering potential depends strongly on the substrates. The potential barrier height for the Cs surface is very large; therefore, as shown in Fig. 9 , our calculated results for both finite and infinite conical wells are nearly coincident with each other, and these results are in agreement with the results of Ref. 22 . On the other hand, the potential barrier height for the Li surface is smaller, and therefore the hard-wall conical well induced a poor result; however, the soft-wall well induced a better one.
From Table I , one can note that the finite conical well for the Li surface has a very small cone opening angle, while that for the Cs surface has a larger one. This agrees the fitted result of Ref. 22 . The small cone opening angle for the Li surface confines a CN molecular wave function in a smallangle region, and renders a large zero-point energy. Therefore, when CN is desorbed, more energy is transferred into the final rotational states for the Li surface than those for the Cs surface, and the distribution for CN desorbed from Li is wider than that for CN desorbed from Cs. Figure 9 shows this result.
Finally, some comments on the difference between the soft-and hard-wall conical wells are made. As we showed above, the rotational levels of a soft-wall-hindered rotor exhibit oscillatory behavior. This is absolutely different from that of a hard-wall rotor. Further, the infinite-conical-well model potential is suitable only for the adsorption system with a large potential barrier height; however, the finite one is suitable for most of adsorption system due to the adjustable potential barrier heights. This is very helpful to estimate the interaction strength between adsorbed molecules and surfaces by fitting experimental data. Above, we showed that our fitted rotational-state distributions for the finite-conicalwell model are in agreement with the previously measured and calculated distributions. However, the infinite-conicalwell model gives poor results for a system with a small potential barrier height.
Another advantage of the finite-conical-well model is that as the role of finite square well in the Cartesian space, the finite conical well plays a basic role in the polar space. Any complicated hindering potential in the polar space can be approximated by a series of suitable finite wells or barriers, and the mathematical treatment is just the extension of our above treatments. However, an infinite well is useless to approximate most of complicated hindering potential.
It is possible for some adsorption systems that the hindering potential has minima about ϭ0 and /2, i.e., that both vertical and horizontal adsorption configurations are stable. One can expect that if the potential barrier height is not very large, an exchange between two different adsorption configurations is possible due to the tunneling effect or external perturbations. One can investigate such vertical-horizontal exchange by applying the finite-conical-well model. However, the infinite-conical-well model is useless because it precludes completely the transition probability.
IV. CONCLUSIONS
We have studied the hindered and modulated rotational motion of an adsorbed diatomic molecule. Both vertical and horizontal adsorption configurations were studied, respectively, by modeling the surface potentials as solvable vertical and horizontal finite conical wells. In addition to the polar hindrance, we studied the effect of the azimuthal modulation upon the rotational energy levels. The azimuthal modulation was assumed to possess the local symmetry of the adsorption site.
The calculated rotational energies increase as the region of the conical well is reduced. They also show an oscillatory behavior when they are plotted as functions of the hindrance angle. The physical origin of the oscillatory behavior can be ascribed to the phenomenon of the resonance transmission. By examining variations of rotational levels, one can classify energy levels into different families in accordance with n, which is the number of nodes of molecular polar wave function.
The effect of increasing modulation barrier height upon the azimuthal quantum number 2 was found. The results exhibited the progressive splitting of 2 for m at the Brillouin-zone edge and the banding effect of 2 as the height of the azimuthal barrier W 0 increases. This banding effect is reflected within each rotational level family. The levels within each family were found to converge into bands as the modulation strength increases. By employing the sudden unhindrance approximation, the solutions of the hindered molecules were used to calculated the rotational-state distributions of molecules desorbed from a solid surface. When the calculated state distributions were plotted semilogarithmically, two distinctly different regimes appeared. For the low-L region a nearly linear behavior was seen in which an effective rotational temperature T r can be determined. T r was found to be independent of the surface temperature. On the other hand, the high-L region displayed an oscillatory structure with alternate drops and plateaus. The oscillation structure is a general result of a system transiting from hindering states to free states, and can be regarded as the manifestation of the rotational invariance. The calculated state distributions were used to fit the previously measured data, and the parameters of the hindering potential were obtained. For an adsorption system with a smaller potential barrier height, only the results of the finite-conicalwell model agree with the measured data.
